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i indicating the complex conjugate of j i. A
state j i is said to be pseudo-normalized if there exists
C( ) = h j
~
 i = 1: (4)





, its pseudo nor-
malization (denoted as jj    jj hereafter) can be given as
jjjijj = re
i
ji, where r is a positive real number and
the phase factor  is set as 0   < . Note that the
pseudo normalization (4) avoids the phase uncertainty
which occurs in the common denition of normalization.
The set of pseudo-orthonormal bases fjx
i
i; i; j =
1;    ; 4g is dened similarly as the conventionally used












Obviously, the pseudo-conjugate set fj~x
i
ig itself consti-
tutes also a set of pseudo-orthonormal bases. The pseudo
orthogonality relation (5) can be alternatively stated as
the set of bases that are biorthogonal to their pseudo-
conjugate set. From the biorthogonality of the dual bases
it suÆces to see that the pseudo-orthonormal basis con-






given an arbitrary set of linearly independent vectors
fj
i
i; i = 1;    ; 4g, one can construct immediately the
pseudo-orthonormal basis fjx
i
i; i = 1;    ; 4g via the fol-



















ijj; n = 2; 3; 4: (6)
Before proceeding, let us mention that the special set of
maximally entangled states, the so-called \magic basis"



























are just the simplest pseudo-orthonormal basis. In this





i, hence the pseudo-orthonormal set fje
i
ig recovers the
common orthonormal basis. Remarkably, it is shown that
this magic basis possesses very curious properties and
has been employed to quantify the entanglement of some
two-qubit states in earlier studies [5, 17]. Note that the






























correspond to real orthogonal matrices in terms of the
above set of bases (7). In the context of group the-
ory, it is well known the homomorphism between the
groups SU (2) 
 SU (2) and SO(4). The magic ba-
sis establishes in fact an explicit realization for such
a homomorphism, namely, the two-to-one mapping of
SU (2)
SU (2) onto SO(4) in the four-dimensional com-
plex space. The kernel of the homomorphism is just the
center of the group SU (2) 











g. In this stage, there is no
curiosity that any real orthogonal combinations of the
magic basis correspond to local unitary transformations
on the subsystems and hence yield still maximally entan-
gled states (another magic basis).
Let us now explore the implication of the aforemen-
tioned pseudo-orthonormal basis fjx
j
ig with Eq. (5),
which is obviously a nontrivial extension of the magic
basis. To this end, consider the class of transformations
that preserve the pseudo inner product,
C(Rx;Ry) = C(x; y): (9)










Theorem 1 The statements below are equivalent:
(i) Operator R preserves the pseudo inner product;
(ii) Operator R transforms a set of pseudo-orthonormal
bases fjx
i




(iii) The representation of an operator R ! D(R) in











i, is a 44 complex orthog-





(R)D(R) = I; (11)
where the superscript \T" denotes the matrix transpose.
Proof: The equivalence between the statements (i) and
(ii) is evident, merely regarding that the set of pseudo-






. The equivalence between (i) and (iii)
is proven as follows. Firstly, given the transformation R


































































= I. Reciprocally, from the statement



































j = I: (13)
We have thus completed the proof.
Theorem 1 is important as it discloses the intrinsic con-
nection between the complex orthogonal matrix and the
linear transformation that preserves pseudo inner prod-
uct. As one can see, the aggregate of all complex or-
thogonal matrices constitutes the linear transformation
group SO(4; C), which is a direct extension of the real
orthogonal group SO(4) in the magic basis. Physically,
the presence of pseudo-orthonormal basis renders actu-
ally a homomorphic realization for the direct product
group SL(2; C)
 SL(2; C) onto SO(4; C).
Theorem 2 The homomorphism between the transfor-
mation group SL(2; C) 
 SL(2; C) and the complex
SO(4; C) can be realized via the pseudo-orthonormal ba-
sis.
Proof: Let us start with a readily veried fact that every
element of SL(2; C), which is a complex 2  2 matrix












Thus the operator of the direct product A 
 B satises
Eq. (10) and, hence, preserves the pseudo inner product.
According to Theorem 1, the above arguments amount
to the realization, via the pseudo-orthogonal basis, of
the correspondence for each element A
B of the group
SL(2; C)
SL(2; C) to a unique complex orthogonal ma-
trix D.
The proof of the reverse relation that for each matrixD
of SO(4; C) there correspondences to the element A
B
of the group SL(2; C)
SL(2; C) is less straightforward.
Note that according to Theorem 1 the complex orthog-
onal matrix D induces the transformation R that pre-
serves the pseudo inner product. Therefore, to prove the
existence of SO(4; C)! SL(2; C)
SL(2; C) correspon-
dence, it requires only to demonstrate that the operator
R can be decomposed into the product form A 
 B. To
this end, let us introduce:
Lemma 1 Any operator H that transforms a set of
pseudo-orthonormal bases fjx
i
ig into its dual set fj~x
i
ig
can be decomposed into a product form. Such an operator









This Lemma was proved previously in Ref. [18] through
decomposing directly the operator into product form.










j, which is generally not hermitian. It
would be helpful to introduce the polar decomposition




U , where U is a unitary op-
erator. Then, the required property for R can be proved





unitary U can be decomposed into the product forms.


















Suppose the pseudo-orthonormal basis fj~x
i
ig is related
to the magic basis fje
i















































































i, which obviously consti-







. Consequently, according to Lemma 1,
the operator RR
y





decomposed into the product form. To show the unitary





















which leads to U =
~
U . Therefore, U must transform
magic basis into another set of magic basis. As mentioned
earlier, U just belongs to the class of unitary transforma-
























out consequently. We have now concluded the required
property that the operator R preserving pseudo inner
product does have a product form A
B.
The above proof depicts also that the transforma-
tion of SO(4; C) under the pseudo-orthonormal basis
does correspond to the physical operation acting on
the two subsystems locally. Obviously, the mapping
R = A 
 B ! D(R) preserves the group multiplica-
tion. We have thus completed the proof of Theorem 2,
the homomorphism of SL(2; C) 
 SL(2; C)  SO(4; C).
More specically, by viewing the unimodular constraint
of detA = detB = 1, the mapping between the elements
4of the group SL(2; C)
SL(2; C) and that of SO(4; C) is











With the group reprsentation theory established, we
are now in the position to investigate the entanglement
transformation for the binary composite system. In prac-
tice, the general LOCC process (1) can be decomposed
into a sequence of the elementary actions of generalized
measurements with two outcomes. Commonly, as in the
ltering process [19], only one outcome will produce the
desired result with a nite probability. We thus consider















Suppose the matrix representation of the state  in
a set of pseudo-orthonormal bases fj~x
i





















Since the operator A
B just transforms the basis fjx
i
ig

































where N is the trace norm factor and S
T
S = I. Thus,
we can now conclude the following fact:
Theorem 3 The state transformation  !  for the
composite binary system can be realized under LOCC i

















are representative matrices of  and 
in the pseudo-orthonormal basis, respectively.
Moreover, note that the density matrix  can always be
\diagonalized" in a certain set of pseudo-orthonormal


















in the decreasing order has been shown to
be related to the volume of a certain measure of en-

























g. Thus it can











































In summary, this work provides a fruitful application
of the group representation theory to the study of the
LOCC entanglement transformation. We have shown, for
the simplest binary composite system, the local operators
acting on the subsystems are represented by complex or-
thogonal matrices in terms of the set of bases that are
pseudo orthonormalized. This leads explicitly to the no-
table realization of the homomorphic representation for
the direct product group SL(2; C) 
 SL(2; C) onto the
group SO(4; C). Consequently, the entanglement trans-
formation for the binary composite system is completely
characterized by virtue of the resulting representation
theory. Further studies on the entanglement transforma-
tion of more complex composite quantum systems, such
as the many-pair binary systems and the multipartite
composite systems, should resort to the representation
theory of Lie group with high dimensions, which will be
a subject in the future research.
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